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Optical magnetometers are fundamentally limited by spin 
projection noise, optical shot noise, and measurement back 
action.  To study ways to surpass the limits imposed by these 
noise sources we are developing Bayesian inference techniques 
for spin state estimation. Here we present our recent work 
involving Kalman filtering for the task of waveform estimation [1]. 

MOTIVATION 

ATOMIC SENSOR MODEL 

TRACKING SPINS WITH KALMAN FILTER 

Sensor calibration is performed via spin noise spectroscopy [3,4].  

TRACKING WAVEFORMS 

To validate the filter we apply waveforms with dynamics known to the 
observer. This approach enables us to compare the KF estimates 
against the true value of the signal. In this way we verify the accuracy 
of the statistical model underlying the KF. 
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(a) Recorded sensor output and KF 
estimates.   
 

(b) Applied waveform, corresponding to the 
realization of an Ornstein-Uhlenbeck 
process, and KF estimates. 
 

(c) Estimation errors and KF precision. 
 
 
Probability density functions for innovations 
(d) and waveform estimation errors (e). 
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The Kalman filter (KF), pioneered by Rudolf E. Kalman [2],  relies on 
an iterative Bayesian estimation approach involving all available 
information to the observer (including measurements, and statistical 
model for system dynamics and sensor outputs), to yield state 
estimates for the system of interest. For linear Gaussian systems KF 
estimates are guaranteed to be optimal.  

We model the stochastic motion of the precessing spin ensemble as 
an Ornstein-Uhlenbeck process: 

A waveform, carried by an 
optical field, is mapped onto 
the collective spin orientation 
of an ensemble of N ground 
state alkali atoms:  

The spins are read out via optical Faraday rotation  (FR) of an off-
resonance light beam, whose rotation angle  is detected with a 
balanced polarimeter that is inherently noisy due to optical shot-noise: 
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rjm: To be completed, this is based on JK previous abstract We experimentally demonstrate
how a two-stage interferometric sensor, based on a spin ensemble of alkali atoms in a magnetic field,
can be e�ciently used to precisely track a continuous time-varying signal despite strong stochastic
noises independently disturbing all: the input, the atoms, and the detection process.

Introduction.—
Many of the most compelling applications of atomic

and optical interferometry study continuous, time-
varying signals. Notable examples are gravitational-wave
detection [1], bio-magnetic field sensing [2], inertial sens-
ing [3? , 4] and searches for physics beyond the standard
model [5, 6]. Moreover, many applications use such con-
tinuous measurements to control the measured system,
as when a spectroscopy signal is fed back to a local os-
cillator in an atomic clock [7].

A central task in any such measurement is the estima-

tion of the true signal from a noisy measurement record,
a task that entails also giving uncertainties for the esti-
mates. The choice of estimator leads to dynamical con-
siderations not found in simpler measurement problems,
for example a tradeo↵ of time resolution versus precision.
In control applications the choice is moreover fundamen-
tally restricted to causal estimators, and practically lim-
ited to those that can be computed quickly.

In this context tools from Bayesian statistics [? ? ]
provide an elegant solution to these challenges. Of par-
ticular interest is the Kalman filter (KF) [8] and its ex-
tensions, with myriad applications—not to mention: as-
sisted and autonomous navigation [9], weather [10] and
financial [11] forecasting, motion tracking [? ] or global
positioning [? ]. In addition to being fast, causal, and
giving all required uncertainties, the KF is optimal for
an important class of problems—for accurately modeled
linear systems with uncorrelated Gaussian noise, a KF
gives estimates with minimum mean squared error. Ac-
curate modeling, however, implies quantitative statistical
understanding of the system dynamics, including intrin-
sic noise processes, and its detection, and is not trivial
to establish. To date KFs have been implemented in
a number of accurately modeled interferometric sensors,
for instance to enhance phase-tracking by light squeez-
ing [12], to track an external force applied to a mirror
in a quantum-enhanced interferometer [14], and more
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recently to estimate in real time the quantum state of
an optomechanical oscillator [13]. Although the KF has
been proposed as a tool to allow for conditional [15] and
feedback-assisted [16] squeezing in spin-based optical in-
terferometers, its implementation has proved to be de-
manding [17].

In this Letter we report the use and validation of KFs
to optically track the motion of spin ensembles. We use
a combination of recently developed noise spectrosocpy
techniques and synthetic waveforms to calibrate and val-
idate the filter.

read out by dispersive optical Faraday rotation. Such
systems are used in high-performance magnetometry [18],
gyroscopy [3], timekeeping [7, 19], fundamental physics
[5], and quantum communication [20]. By applying the
KF technique, we are able to track both the motion of
the ensemble spin and the state of a light-field, the pump
beam, coupled to the atoms. Moreover, by synthesizing
the waveform describing the state of the pump beam, we
cannot only explicitly validate the precision and accu-
racy of the KF but also clearly demonstrate its ability
to track in real time general time-varying signals coupled
to the atomic sensor. Due to their long coherence time
spin-based sensors are often limited to detecting slowly-
varying signals and further post-processing. Here our re-
sults indicate that using KFs we can track signals chang-
ing more rapidly than the intrinsic coherence of the spins,
suggesting the use of the technique to enhance the speed
of measurements with atomic sensors.

Atomic spin ensemble as a two-stage sensor.— The pro-
totype sensor under study is depicted in Fig. 1. The sen-
sor component consists of an ensemble of ground-state
87Rb atoms in the vapor phase. The atoms precess in
the y � z plane at the Larmor rate !

L

due to the pres-
ence of a magnetic field of strength B

0

applied along
the x-axis. The spin ensemble is readout by the meter

component, consisting on the optical rotation of an o↵-
resonance light beam transmitted through the ensemble.
In addition to Larmor precession the ensemble undergoes
stochastic motion due to intrinsic relaxation mechanisms,
such as atomic collisions, light, and transit-time broad-
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FIG. 1. [JK: There is much too much. I would just leave (a)
but explain more, e.g., draw explicitly directions of EP, J

y

,
J

z

, mark precession at !L etc. Please, draw pump and probe
co-linearly (blue and red, respectively) :-). Change z(t) to
I(t) but draw the polarimeter with a PBS. I would not over-
complicate with Faraday angles as in our case I(t) / J

z

and
everything goes into the coupling constant. Would be good to
have on the figure the concept of the input signal encoded in
the pump and then read of from the current—like this signal
vs estimate screens in [12, 14]. Fig.1 of [14] is good, I think.]

ening. We quantify these fluctuations and other sensor
properties, such as the coherence time T

2

, through noise
spectroscopy [22, 23] of the meter signal as detailed be-
low. We can use our sensor to track a time-varying prop-
erty (e.g. polarization, amplitude or frequency) E

P

(t) of a
circularly polarized light field. This light field propagates
along the z axis and couples to the atoms through optical
pumping. As a result of its coupling with the pump beam

the spin ensemble is oriented along the z axis at a rate
g
P

E
P

(t).
Defining the collective spin components of the atomic

ensemble as J
i

(t)=Tr{⇢(t)Ĵ
i

}, with i={x, y, z} and ⇢(t)
representing the state of all the atoms at time t, we de-
scribe the dynamics of the ensemble with help of phe-
nomenological stochastic (Langevin) di↵erential equa-
tions (see Appendix for derivation). Focusing on the mo-
tion of the spin ensemble in the y � z plane we get:

d
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J
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L
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T
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J
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(t) + g
P

E
P

(t) + W
z

(t),(1)

where E
P

(t)=E
0

+ [cos !t, sin !t]X(t)T , is fully specified
by the quadrature vector X(t)=[q(t), p(t)] that varies in
time according to the stochastic equations of motion

d

dt
q(t) = �q(t) + W

q

(t)

d

dt
p(t) = �p(t) + W

p

(t), (2)

where the relaxation constant  � 0. In Eqs. (1)

and (2) the terms W
i

(t) represent zero-mean indepen-
dent Gaussian-noise processes obeying E [W

i

(t)] = 0,
E [W

i

(t)W
j

(s)] = 0 for i 6= j, and E [W
i

(t)W
i

(s)] =
Q

i

�(t � s), with Q
i

being intensity of the noise.
The meter component of our sensor monitors the col-

lective spin of the atoms, J
z

, along the pump axis. As
mentioned above the meter consists of a linearly polar-
ized o↵-resonance light beam co-linear with the pump.
Upon propagation through the ensemble its polarization
plane is rotated by an angle ✓

FR

/ J
z

due to the opti-
cal Faraday e↵ect. This rotation angle is then measured
using a balanced polarimeter whose photocurrent output
I(t), in the limit ✓

FR

⌧ 1, can be modeled by (see App. B
for details)

I(t) = g
D

J
z

(t) + V
D

(t), (3)

where the zero-mean Gaussian white-noise term, V
D

(t)
arises due to the stochastic nature of the detection pro-
cess dictated by the Poissonian photon statistics of the
meter [21].
Kalman filter for discrete-time measurements.—In order
to track the optical waveforms we use the KF. Previ-
ous treatments of KF [12, 13, 15? ] have concentrated
on problems dealing with continuous-time systems and
measurements (i.e. Kalman-Bucy filter). However as
our photocurrent observation data is, in fact, recorded
at discrete-time intervals we employ a KF [25] applicable
in general to any system and measurement with dynam-
ical state-space models of the form

dx
t

= F
t

x
t

dt + G
t

dw
t

z
k

= H
k

x
k

+ v
k

, (4)

where x
t

and z
tk represent the state vector of the system

and observation vector. In our approach we consider the
state-space representation x

t

= [J
y

(t) J
z

q(t) p(t)]T and
re-write Eqs. (1) and (3) in the matrix-vector form of
Eq. (4) using the system matrix F(t):

F
t

=

 
F

t

spin �
t

sw

0 F
t

wfrm

!
(5)

and detection

H
t

= [0 g
D

0 0] (6)

W
t

= [W
y

W
z

W
q

W
p

]T (7)

(8)

To track x(t) the KF relies on a Bayesian proba-
bilistic approach that combines all available information,
i.e. Eqs. (1) and (3) and the measurement sequence
Z

tj = {z
t0 ..., ztj�1 , ztj }. Estimates are described by a

normal probability distribution N (x
tk |Z

tj ) conditioned
on the measurement record with mean x̂

tk|tj
and covari-

ance matrix ⌃
tk|tj

(rjm: here I changed the discrete index
notation k used in previous versions to t

k

, it is not clear
to me which notation to use throughout the manuscript.
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Introduction.—
Many of the most compelling applications of atomic

and optical interferometry study continuous, time-
varying signals. Notable examples are gravitational-wave
detection [1], bio-magnetic field sensing [2], inertial sens-
ing [3? , 4] and searches for physics beyond the standard
model [5, 6]. Moreover, many applications use such con-
tinuous measurements to control the measured system,
as when a spectroscopy signal is fed back to a local os-
cillator in an atomic clock [7].

A central task in any such measurement is the estima-

tion of the true signal from a noisy measurement record,
a task that entails also giving uncertainties for the esti-
mates. The choice of estimator leads to dynamical con-
siderations not found in simpler measurement problems,
for example a tradeo↵ of time resolution versus precision.
In control applications the choice is moreover fundamen-
tally restricted to causal estimators, and practically lim-
ited to those that can be computed quickly.

In this context tools from Bayesian statistics [? ? ]
provide an elegant solution to these challenges. Of par-
ticular interest is the Kalman filter (KF) [8] and its ex-
tensions, with myriad applications—not to mention: as-
sisted and autonomous navigation [9], weather [10] and
financial [11] forecasting, motion tracking [? ] or global
positioning [? ]. In addition to being fast, causal, and
giving all required uncertainties, the KF is optimal for
an important class of problems—for accurately modeled
linear systems with uncorrelated Gaussian noise, a KF
gives estimates with minimum mean squared error. Ac-
curate modeling, however, implies quantitative statistical
understanding of the system dynamics, including intrin-
sic noise processes, and its detection, and is not trivial
to establish. To date KFs have been implemented in
a number of accurately modeled interferometric sensors,
for instance to enhance phase-tracking by light squeez-
ing [12], to track an external force applied to a mirror
in a quantum-enhanced interferometer [14], and more
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recently to estimate in real time the quantum state of
an optomechanical oscillator [13]. Although the KF has
been proposed as a tool to allow for conditional [15] and
feedback-assisted [16] squeezing in spin-based optical in-
terferometers, its implementation has proved to be de-
manding [17].

In this Letter we report the use and validation of KFs
to optically track the motion of spin ensembles. We use
a combination of recently developed noise spectrosocpy
techniques and synthetic waveforms to calibrate and val-
idate the filter.

read out by dispersive optical Faraday rotation. Such
systems are used in high-performance magnetometry [18],
gyroscopy [3], timekeeping [7, 19], fundamental physics
[5], and quantum communication [20]. By applying the
KF technique, we are able to track both the motion of
the ensemble spin and the state of a light-field, the pump
beam, coupled to the atoms. Moreover, by synthesizing
the waveform describing the state of the pump beam, we
cannot only explicitly validate the precision and accu-
racy of the KF but also clearly demonstrate its ability
to track in real time general time-varying signals coupled
to the atomic sensor. Due to their long coherence time
spin-based sensors are often limited to detecting slowly-
varying signals and further post-processing. Here our re-
sults indicate that using KFs we can track signals chang-
ing more rapidly than the intrinsic coherence of the spins,
suggesting the use of the technique to enhance the speed
of measurements with atomic sensors.

Atomic spin ensemble as a two-stage sensor.— The pro-
totype sensor under study is depicted in Fig. 1. The sen-

sor component consists of an ensemble of ground-state
87Rb atoms in the vapor phase. The atoms precess in
the y � z plane at the Larmor rate !

L

due to the pres-
ence of a magnetic field of strength B

0

applied along
the x-axis. The spin ensemble is readout by the meter

component, consisting on the optical rotation of an o↵-
resonance light beam transmitted through the ensemble.
In addition to Larmor precession the ensemble undergoes
stochastic motion due to intrinsic relaxation mechanisms,
such as atomic collisions, light, and transit-time broad-

3

smoothing can be implemented with small variations in
the data pipeline. The filter is constructed recursively in
a predict-update procedure. First, using model dynamics
Eqs. (1) and (2) and N (x

k�1

|Z
k�1

) the filter computes
N (x

k

|Z
k�1

), N (E
P

|I):

x̂
k|k�1

= �
k,k�1

x̂
k�1|k�1

, (9)

⌃
k|k�1

= �
k,k�1

⌃
k�1|k�1

�
k,k�1

T + Q
k

, (10)

where �
k,k�1

corresponds to the state transition matrix
[25? ] from k � 1 to k and Q

k

is the system’s noise
covariance matrix. Then, incorporating the measurement
record z

k

the filter constructs the distribution N (x
k

|Z
k

):

x̂
k|k = x̂

k|k�1

+ ⇤
k

(H
k

x̂
k|k�1

� z
k

), (11)

⌃
k|k = (I � ⇤

k

) ⌃
k|k�1

(12)

where ⇤
k

is the the Kalman gain:

⇤
k

= ⌃
k|k�1

H
k

T

�
H

k

⌃
k|k�1

H
k

T + R
k

��1

(13)

with R
k

corresponds to the noise covariance matrix of the
measurement. (rjm: I think the indices need to change.
Moreover the prediction stage here is restictred to a single
point in time t

k

, it would be more interesting I think to
include predictions for all times t

f

= t
k�1

+ ⌧ within the
interval (t

k�1

, t
k

], any thoughts?)
KF implementation and validatiom.—

We implement and validate the KF using an experi-
mental setup similar to that described in reference [22].
Briefly, a ciiyndrical cell, of length 3 cm and diameter
1 cm, contains isotopically enriched 87Rb vapor and 100
Torr of N

2

bu↵er gas. Temperature and magnetic con-
trol of the cell enviroment is performed using an oven
and coils as described in [22]. The cell is operated at
an estimated alkali number density of number here. The
cell, oven, and coils are placed inside a one layer of high-
permeability magnetic shielding. Using the coils we ap-
ply a B

0

field along the x axis and compensate for back-
ground fields in the orthogonal directions. The field is
chosen so that !

L

= 2⇡ ⇥ 10kHz. The projection of
the collective spin along the z axis is readout by a me-
ter optical beam as described before. The meter light is
red-detuned by 60 GHz from the D1 natural line of Rb
atoms and originates from a DBR diode laser. Circularly
polarized light, from a second DBR diode, is used as the
pump beam. Pump and meter beams have similar size,
with an e↵ective area of number here, overlap at a 50:50
beam splitter placed before the cell and propagate along
the z axis. A dichroic low-pass optical filter, placed after
the cell, blocks the transmitted D2 light while passing
the D1 light beam for polarization analysis. The compo-
nents q(t) and p(t) of the quadrature vector X and carrier
in E

P

(t) are digitally synthesized, converted to the ana-
log domain, and applied to the injection current of the
DBR diode producing the pump light.Due to its linear
dependence with injection current the optical frequency
of the pump is modulated with the applied waveforms:
⌫

t

/ E
P

(t).In our experiments we center the frequency of

the pump beam ⌫
0

to the slope of the pressure-broadened
D2 optical line of the Rb atoms in the cell. As a result
the waveforms are mapped to the pumping rate g

P

E
P

(t)
with g

P

being proportional to the slope of the ensemble’s
optical susceptibility � [24].

The Kalman filter requires accurate information about
the system dynamics and its detection, including the
strength of noise processes. To obtain this information
we characterize our sensor using a systematic power spec-
tral analysis of the sensor output, i.e. noise spectroscopy
[22, 23]. The blue trace in figure () shows typical spec-
tra of the photo-current at the operating conditions of
the sensor but when the pump beam is not coupled to
the atomic ensemble. To understand the observed fea-
tures consider that the frequency response of our sensor is
analogous to that of a band-pass filter centered at !

L

and
with bandwidth proportional to 1/T

2

(to see this consider
the Fourier transform of Eq. (1) with the pumping rate
set to zero). As a result the broad peak observed in fig. ()
centered at f

L

contains information about the intensity
of the intrinsic gaussian-noise [W

x

W
z

] driving the spin
ensemble (see Eq. (1)). On the other hand the frequency-
independent background observed in fig.()is proportional
to the intensity of the shot noise in the photo-current. By
fitting such spectra to the model dynamics of our sensor
we can determine the intensity of the spin noise, photon
shot-noise, as well as confirm system parameters T

2

and
!

L

[22]. To determine the coupling constant gP we cou-
ple the pump light to the ensemble, and then record the
sensor output as a function of the amplitude of a sinu-
souid of frequency ! applied to the injection current of
the DBR diode emiting the pump light. The spectra ac-
quired under these conditions is shown by the red trace in
fig. (). By fitting this spectra we confirm that the system
parameters are statistically equivalent to those obtained
in the sensor calibration step.

In a first experiment we use the recorded polarimeter
signal to estimate the spin state and retrieve the wave-
form applied to the pump. In this experiment the applied
waveform corresponds to the realization of an Ornstein-
Uhlenbeck process. Such processes occur in many phys-
ical situations and are of particular interest in atomic
sensors based on dual spin ensembles coupled by spin-
exchange. The recorded polarimeter signal and applied
waveform are shown in black in figures 1b-c, respectively.
Kalman estimates for both the polarimeter signal and
pump amplitude are shown in red. The estimates of the
filter are in good agreement with the measured signal and
applied waveform. To asses the validity of the filter we
compute the statistics of the innovation sequence. For a
well matched filter the innovation should be described by
zero-mean white Gaussian noise with variance given by
the measurement covariance matrix [13]. The innovation
of our estimates satisfy these conditions (see supplemen-
tary).
Conclusions.—

Our filter is not only restricted to waveforms described
as Ornstein-Uhlenbeck processes. Deterministic wave-

FIG. 1. (a) Diagram of atomic sensor. An ensemble of 87Rb
atoms precesses at the Larmor rate !

L

defined by an exter-
nal magnetic field B0 applied along x. The transverse spin
component J?(t) = J

x

(t)x + J
z

(t)z of the ensemble is driven
by a time-varying signal EP(t) carried by the pump-light. Po-
larimetry detection of the optical rotation of the transmitted
meter-light produces a photocurrent I(t) / J

z

(t). Using a
data aquisition and processing card (DAQ-P) the photocur-
rent is digitally sampled and fed to a Kalman filter to pro-
duce waveform estimates described by the conditional normal
propability distribution N (EP|I).

We quantify these fluctuations and other sensor proper-
ties, such as the coherence time T

2

, through noise spec-
troscopy [22, 23] of the meter signal as detailed below.
We can use our sensor to track a time-varying property
(e.g. polarization, amplitude or frequency) E

P

(t) of a cir-
cularly polarized light field. This light field propagates
along the z axis and couples to the atoms through optical
pumping. As a result of its coupling with the pump beam

the spin ensemble is oriented along the z axis at a rate
g
P

E
P

(t).
Defining the collective spin components of the atomic

ensemble as J
i

(t)=Tr{⇢(t)Ĵ
i

}, with i={x, y, z} and ⇢(t)
representing the state of all the atoms at time t, we de-
scribe the dynamics of the ensemble with help of phe-
nomenological stochastic (Langevin) di↵erential equa-
tions (see Appendix for derivation). Focusing on the mo-
tion of the spin ensemble in the y � z plane we get:

d

dt
J

y

(t) = !
L

J
z

(t) � 1

T
2

J
y

(t)dt + W
y

(t),

d

dt
J

z

(t) = �!
L

J
y

(t) � 1

T
2

J
z

(t) + g
P

E
P

(t) + W
z

(t),(1)

where E
P

(t)=E
0

+ [cos !t, sin !t]X(t)T , is fully specified
by the quadrature vector X(t)=[q(t), p(t)] that varies in
time according to the stochastic equations of motion

d

dt
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where the relaxation constant  � 0. In Eqs. (1)
and (2) the terms W
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(t) represent zero-mean indepen-
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being intensity of the noise.
The meter component of our sensor monitors the col-

lective spin of the atoms, J
z

, along the pump axis. As
mentioned above the meter consists of a linearly polar-
ized o↵-resonance light beam co-linear with the pump.
Upon propagation through the ensemble its polarization
plane is rotated by an angle ✓

FR

/ J
z

due to the opti-
cal Faraday e↵ect. This rotation angle is then measured
using a balanced polarimeter whose photocurrent output
I(t), in the limit ✓

FR

⌧ 1, can be modeled by (see App. B
for details)

I(t) = g
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(t) + V
D

(t), (3)

where the zero-mean Gaussian white-noise term, V
D

(t)
arises due to the stochastic nature of the detection pro-
cess dictated by the Poissonian photon statistics of the
meter [21].
Kalman filter for discrete-time measurements.—In order
to track the optical waveforms we use the KF. Previ-
ous treatments of KF [12, 13, 15? ] have concentrated
on problems dealing with continuous-time systems and
measurements (i.e. Kalman-Bucy filter). However as
our photocurrent observation data is, in fact, recorded
at discrete-time intervals we employ a KF [25] applicable
in general to any system and measurement with dynam-
ical state-space models of the form
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, (4)

where x
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and z
tk represent the state vector of the system

and observation vector. In our approach we consider the
state-space representation x
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(t) J
z

q(t) p(t)]T and
re-write Eqs. (1) and (3) in the matrix-vector form of
Eq. (4) using the system matrix F(t):
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To track x(t) the KF relies on a Bayesian proba-
bilistic approach that combines all available information,
i.e. Eqs. (1) and (3) and the measurement sequence
Z

tj = {z
t0 ..., ztj�1 , ztj }. Estimates are described by a

normal probability distribution N (x
tk |Z

tj ) conditioned
on the measurement record with mean x̂

tk|tj
and covari-

ance matrix ⌃
tk|tj

(rjm: here I changed the discrete index
notation k used in previous versions to t

k

, it is not clear
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FIG. 1. [JK: There is much too much. I would just leave (a)
but explain more, e.g., draw explicitly directions of EP, J
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, mark precession at !L etc. Please, draw pump and probe
co-linearly (blue and red, respectively) :-). Change z(t) to
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everything goes into the coupling constant. Would be good to
have on the figure the concept of the input signal encoded in
the pump and then read of from the current—like this signal
vs estimate screens in [12, 14]. Fig.1 of [14] is good, I think.]

ening. We quantify these fluctuations and other sensor
properties, such as the coherence time T
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, through noise
spectroscopy [22, 23] of the meter signal as detailed be-
low. We can use our sensor to track a time-varying prop-
erty (e.g. polarization, amplitude or frequency) E

P

(t) of a
circularly polarized light field. This light field propagates
along the z axis and couples to the atoms through optical
pumping. As a result of its coupling with the pump beam

the spin ensemble is oriented along the z axis at a rate
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Defining the collective spin components of the atomic
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}, with i={x, y, z} and ⇢(t)
representing the state of all the atoms at time t, we de-
scribe the dynamics of the ensemble with help of phe-
nomenological stochastic (Langevin) di↵erential equa-
tions (see Appendix for derivation). Focusing on the mo-
tion of the spin ensemble in the y � z plane we get:
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The meter component of our sensor monitors the col-

lective spin of the atoms, J
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, along the pump axis. As
mentioned above the meter consists of a linearly polar-
ized o↵-resonance light beam co-linear with the pump.
Upon propagation through the ensemble its polarization
plane is rotated by an angle ✓
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/ J
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due to the opti-
cal Faraday e↵ect. This rotation angle is then measured
using a balanced polarimeter whose photocurrent output
I(t), in the limit ✓
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⌧ 1, can be modeled by (see App. B
for details)
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where the zero-mean Gaussian white-noise term, V
D

(t)
arises due to the stochastic nature of the detection pro-
cess dictated by the Poissonian photon statistics of the
meter [21].
Kalman filter for discrete-time measurements.—In order
to track the optical waveforms we use the KF. Previ-
ous treatments of KF [12, 13, 15? ] have concentrated
on problems dealing with continuous-time systems and
measurements (i.e. Kalman-Bucy filter). However as
our photocurrent observation data is, in fact, recorded
at discrete-time intervals we employ a KF [25] applicable
in general to any system and measurement with dynam-
ical state-space models of the form
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state-space representation x
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To track x(t) the KF relies on a Bayesian proba-
bilistic approach that combines all available information,
i.e. Eqs. (1) and (3) and the measurement sequence
Z

tj = {z
t0 ..., ztj�1 , ztj }. Estimates are described by a

normal probability distribution N (x
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on the measurement record with mean x̂
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Real-time waveform estimation with multi-stage sensors

Atomic spin ensembles as multistage sensors for precise signal-tracking

Probabilistic multi-stage sensors

Precise signal-tracking with multistage sensors
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rjm: To be completed, this is based on JK previous abstract We experimentally demonstrate
how a two-stage interferometric sensor, based on a spin ensemble of alkali atoms in a magnetic field,
can be e�ciently used to precisely track a continuous time-varying signal despite strong stochastic
noises independently disturbing all: the input, the atoms, and the detection process.

Introduction.—
Many of the most compelling applications of atomic

and optical interferometry study continuous, time-
varying signals. Notable examples are gravitational-wave
detection [1], bio-magnetic field sensing [2], inertial sens-
ing [3? , 4] and searches for physics beyond the standard
model [5, 6]. Moreover, many applications use such con-
tinuous measurements to control the measured system,
as when a spectroscopy signal is fed back to a local os-
cillator in an atomic clock [7].

A central task in any such measurement is the estima-

tion of the true signal from a noisy measurement record,
a task that entails also giving uncertainties for the esti-
mates. The choice of estimator leads to dynamical con-
siderations not found in simpler measurement problems,
for example a tradeo↵ of time resolution versus precision.
In control applications the choice is moreover fundamen-
tally restricted to causal estimators, and practically lim-
ited to those that can be computed quickly.

In this context tools from Bayesian statistics [? ? ]
provide an elegant solution to these challenges. Of par-
ticular interest is the Kalman filter (KF) [8] and its ex-
tensions, with myriad applications—not to mention: as-
sisted and autonomous navigation [9], weather [10] and
financial [11] forecasting, motion tracking [? ] or global
positioning [? ]. In addition to being fast, causal, and
giving all required uncertainties, the KF is optimal for
an important class of problems—for accurately modeled
linear systems with uncorrelated Gaussian noise, a KF
gives estimates with minimum mean squared error. Ac-
curate modeling, however, implies quantitative statistical
understanding of the system dynamics, including intrin-
sic noise processes, and its detection, and is not trivial
to establish. To date KFs have been implemented in
a number of accurately modeled interferometric sensors,
for instance to enhance phase-tracking by light squeez-
ing [12], to track an external force applied to a mirror
in a quantum-enhanced interferometer [14], and more

⇤
Corresponding author: jimenezm@colorado.edu

recently to estimate in real time the quantum state of
an optomechanical oscillator [13]. Although the KF has
been proposed as a tool to allow for conditional [15] and
feedback-assisted [16] squeezing in spin-based optical in-
terferometers, its implementation has proved to be de-
manding [17].

In this Letter we report the use and validation of KFs
to optically track the motion of spin ensembles. We use
a combination of recently developed noise spectrosocpy
techniques and synthetic waveforms to calibrate and val-
idate the filter.

read out by dispersive optical Faraday rotation. Such
systems are used in high-performance magnetometry [18],
gyroscopy [3], timekeeping [7, 19], fundamental physics
[5], and quantum communication [20]. By applying the
KF technique, we are able to track both the motion of
the ensemble spin and the state of a light-field, the pump
beam, coupled to the atoms. Moreover, by synthesizing
the waveform describing the state of the pump beam, we
cannot only explicitly validate the precision and accu-
racy of the KF but also clearly demonstrate its ability
to track in real time general time-varying signals coupled
to the atomic sensor. Due to their long coherence time
spin-based sensors are often limited to detecting slowly-
varying signals and further post-processing. Here our re-
sults indicate that using KFs we can track signals chang-
ing more rapidly than the intrinsic coherence of the spins,
suggesting the use of the technique to enhance the speed
of measurements with atomic sensors.

Atomic spin ensemble as a two-stage sensor.— The pro-
totype sensor under study is depicted in Fig. 1. The sen-

sor component consists of an ensemble of ground-state
87Rb atoms in the vapor phase. The atoms precess in
the y � z plane at the Larmor rate !

L

due to the pres-
ence of a magnetic field of strength B

0

applied along
the x-axis. The spin ensemble is readout by the meter

component, consisting on the optical rotation of an o↵-
resonance light beam transmitted through the ensemble.
In addition to Larmor precession the ensemble undergoes
stochastic motion due to intrinsic relaxation mechanisms,
such as atomic collisions, light, and transit-time broad-

3

smoothing can be implemented with small variations in
the data pipeline. The filter is constructed recursively in
a predict-update procedure. First, using model dynamics
Eqs. (1) and (2) and N (x

k�1

|Z
k�1

) the filter computes
N (x

k

|Z
k�1

), N (E
P

|I):

x̂
k|k�1
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where �
k,k�1

corresponds to the state transition matrix
[25? ] from k � 1 to k and Q

k

is the system’s noise
covariance matrix. Then, incorporating the measurement
record z

k

the filter constructs the distribution N (x
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|Z
k
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k
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where ⇤
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is the the Kalman gain:
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with R
k

corresponds to the noise covariance matrix of the
measurement. (rjm: I think the indices need to change.
Moreover the prediction stage here is restictred to a single
point in time t

k

, it would be more interesting I think to
include predictions for all times t

f

= t
k�1

+ ⌧ within the
interval (t

k�1

, t
k

], any thoughts?)
KF implementation and validatiom.—

We implement and validate the KF using an experi-
mental setup similar to that described in reference [22].
Briefly, a ciiyndrical cell, of length 3 cm and diameter
1 cm, contains isotopically enriched 87Rb vapor and 100
Torr of N

2

bu↵er gas. Temperature and magnetic con-
trol of the cell enviroment is performed using an oven
and coils as described in [22]. The cell is operated at
an estimated alkali number density of number here. The
cell, oven, and coils are placed inside a one layer of high-
permeability magnetic shielding. Using the coils we ap-
ply a B

0

field along the x axis and compensate for back-
ground fields in the orthogonal directions. The field is
chosen so that !

L

= 2⇡ ⇥ 10kHz. The projection of
the collective spin along the z axis is readout by a me-
ter optical beam as described before. The meter light is
red-detuned by 60 GHz from the D1 natural line of Rb
atoms and originates from a DBR diode laser. Circularly
polarized light, from a second DBR diode, is used as the
pump beam. Pump and meter beams have similar size,
with an e↵ective area of number here, overlap at a 50:50
beam splitter placed before the cell and propagate along
the z axis. A dichroic low-pass optical filter, placed after
the cell, blocks the transmitted D2 light while passing
the D1 light beam for polarization analysis. The compo-
nents q(t) and p(t) of the quadrature vector X and carrier
in E

P

(t) are digitally synthesized, converted to the ana-
log domain, and applied to the injection current of the
DBR diode producing the pump light.Due to its linear
dependence with injection current the optical frequency
of the pump is modulated with the applied waveforms:
⌫

t

/ E
P

(t).In our experiments we center the frequency of

the pump beam ⌫
0

to the slope of the pressure-broadened
D2 optical line of the Rb atoms in the cell. As a result
the waveforms are mapped to the pumping rate g

P

E
P

(t)
with g

P

being proportional to the slope of the ensemble’s
optical susceptibility � [24].

The Kalman filter requires accurate information about
the system dynamics and its detection, including the
strength of noise processes. To obtain this information
we characterize our sensor using a systematic power spec-
tral analysis of the sensor output, i.e. noise spectroscopy
[22, 23]. The blue trace in figure () shows typical spec-
tra of the photo-current at the operating conditions of
the sensor but when the pump beam is not coupled to
the atomic ensemble. To understand the observed fea-
tures consider that the frequency response of our sensor is
analogous to that of a band-pass filter centered at !

L

and
with bandwidth proportional to 1/T

2

(to see this consider
the Fourier transform of Eq. (1) with the pumping rate
set to zero). As a result the broad peak observed in fig. ()
centered at f

L

contains information about the intensity
of the intrinsic gaussian-noise [W

x

W
z

] driving the spin
ensemble (see Eq. (1)). On the other hand the frequency-
independent background observed in fig.()is proportional
to the intensity of the shot noise in the photo-current. By
fitting such spectra to the model dynamics of our sensor
we can determine the intensity of the spin noise, photon
shot-noise, as well as confirm system parameters T

2

and
!

L

[22]. To determine the coupling constant gP we cou-
ple the pump light to the ensemble, and then record the
sensor output as a function of the amplitude of a sinu-
souid of frequency ! applied to the injection current of
the DBR diode emiting the pump light. The spectra ac-
quired under these conditions is shown by the red trace in
fig. (). By fitting this spectra we confirm that the system
parameters are statistically equivalent to those obtained
in the sensor calibration step.

In a first experiment we use the recorded polarimeter
signal to estimate the spin state and retrieve the wave-
form applied to the pump. In this experiment the applied
waveform corresponds to the realization of an Ornstein-
Uhlenbeck process. Such processes occur in many phys-
ical situations and are of particular interest in atomic
sensors based on dual spin ensembles coupled by spin-
exchange. The recorded polarimeter signal and applied
waveform are shown in black in figures 1b-c, respectively.
Kalman estimates for both the polarimeter signal and
pump amplitude are shown in red. The estimates of the
filter are in good agreement with the measured signal and
applied waveform. To asses the validity of the filter we
compute the statistics of the innovation sequence. For a
well matched filter the innovation should be described by
zero-mean white Gaussian noise with variance given by
the measurement covariance matrix [13]. The innovation
of our estimates satisfy these conditions (see supplemen-
tary).
Conclusions.—

Our filter is not only restricted to waveforms described
as Ornstein-Uhlenbeck processes. Deterministic wave-

FIG. 1. (a) Diagram of atomic sensor. An ensemble of 87Rb
atoms precesses at the Larmor rate !

L

defined by an exter-
nal magnetic field B0 applied along x. The transverse spin
component J?(t) = J

x

(t)x + J
z

(t)z of the ensemble is driven
by a time-varying signal EP(t) carried by the pump-light. Po-
larimetry detection of the optical rotation of the transmitted
meter-light produces a photocurrent I(t) / J

z

(t). Using a
data aquisition and processing card (DAQ-P) the photocur-
rent is digitally sampled and fed to a Kalman filter to pro-
duce waveform estimates described by the conditional normal
propability distribution N (EP|I).

We quantify these fluctuations and other sensor proper-
ties, such as the coherence time T

2

, through noise spec-
troscopy [22, 23] of the meter signal as detailed below.
We can use our sensor to track a time-varying property
(e.g. polarization, amplitude or frequency) E

P

(t) of a cir-
cularly polarized light field. This light field propagates
along the z axis and couples to the atoms through optical
pumping. As a result of its coupling with the pump beam

the spin ensemble is oriented along the z axis at a rate
g
P

E
P

(t).
Defining the collective spin components of the atomic

ensemble as J
i

(t)=Tr{⇢(t)Ĵ
i

}, with i={x, y, z} and ⇢(t)
representing the state of all the atoms at time t, we de-
scribe the dynamics of the ensemble with help of phe-
nomenological stochastic (Langevin) di↵erential equa-
tions (see Appendix for derivation). Focusing on the mo-
tion of the spin ensemble in the y � z plane we get:
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where E
P

(t)=E
0

+ [cos !t, sin !t]X(t)T , is fully specified
by the quadrature vector X(t)=[q(t), p(t)] that varies in
time according to the stochastic equations of motion
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q(t) = �q(t) + W

q
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where the relaxation constant  � 0. In Eqs. (1)
and (2) the terms W

i

(t) represent zero-mean indepen-
dent Gaussian-noise processes obeying E [W

i

(t)] = 0,
E [W

i

(t)W
j

(s)] = 0 for i 6= j, and E [W
i

(t)W
i

(s)] =
Q
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�(t � s), with Q
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being intensity of the noise.
The meter component of our sensor monitors the col-

lective spin of the atoms, J
z

, along the pump axis. As
mentioned above the meter consists of a linearly polar-
ized o↵-resonance light beam co-linear with the pump.
Upon propagation through the ensemble its polarization
plane is rotated by an angle ✓

FR

/ J
z

due to the opti-
cal Faraday e↵ect. This rotation angle is then measured
using a balanced polarimeter whose photocurrent output
I(t), in the limit ✓

FR

⌧ 1, can be modeled by (see App. B
for details)

I(t) = g
D

J
z

(t) + V
D

(t), (3)

where the zero-mean Gaussian white-noise term, V
D

(t)
arises due to the stochastic nature of the detection pro-
cess dictated by the Poissonian photon statistics of the
meter [21].
Kalman filter for discrete-time measurements.—In order
to track the optical waveforms we use the KF. Previ-
ous treatments of KF [12, 13, 15? ] have concentrated
on problems dealing with continuous-time systems and
measurements (i.e. Kalman-Bucy filter). However as
our photocurrent observation data is, in fact, recorded
at discrete-time intervals we employ a KF [25] applicable
in general to any system and measurement with dynam-
ical state-space models of the form
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where x
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and z
tk represent the state vector of the system

and observation vector. In our approach we consider the
state-space representation x
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q(t) p(t)]T and
re-write Eqs. (1) and (3) in the matrix-vector form of
Eq. (4) using the system matrix F(t):
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To track x(t) the KF relies on a Bayesian proba-
bilistic approach that combines all available information,
i.e. Eqs. (1) and (3) and the measurement sequence
Z
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t0 ..., ztj�1 , ztj }. Estimates are described by a

normal probability distribution N (x
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TRACKING UNKNOWN WAVEFORMS 

t – t0 (ms) 

Using our KF we have also explored the regime where the waveform 
dynamics is only partially known prior to the measurement. We 
approximate the evolution of the waveform adapting polynomial 
models [5]. 

 true waveform (blue), estimates of waveform (red) 

 sensor output (blue), estimates of sensor output (red) 

Left: a representative applied waveform (input) along with the corresponding 
measured angle (output) and the recovered waveform (KF estimate).  
Right: spectrograms of input, output and KF estimate showing that rapidly-varying 
features of the input are suppressed in the output yet are recovered in the KF 
estimate.  
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